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I. INTRODUCTION
Arithmetic Codes are designed to dètéet and/or correct errors in
digital computations. Arithmetic code is of the form AN, where A is â fixed
integer called the generator of the code and N is the source word in the
range, 0<N B . B is the number of codewords.
An error pattern is called t-fold if the Non-Adjacent-Form (NAF)
[ l] representation of the error has t non-zero digits, i.e,, the arithmetic
weight of the error is t. An arithmetic code can correct all the errors
up to t if the minimum distance of the codé denoted as d is greater than
■ m
twice the t. The arithmetic weight of any non-zero codeword is greater 
than or equal to the minimum distancé of the code.
First proposed by Diamond [2] in 1955, arithmetic codes have been 
the subject of continuing investigations. Single error correcting codes 
have been investigated by Brown [3], Peterson [4] and many others. Recently, 
Barrows [5] and Mandelbaum [6] developed a special class of multiple-error 
correcting codes; namely, for a prime B with 2 as a primitive root,
AB=2 -1 and dm=[(B+l)/3]. This result has been generalized to include
This work was supported by the National Science Foundation under Grant No. 
GK-2339; auxiliary support was provided by the Joint Services Electronics 
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2  sl[-g] denotes the integer part of a/b.
2composite B's and the methods of finding the dm of such codes have been 
developed by Chang and Tsao-Wu [7] and Chien, Hong and Preparata [8,9]. 
These codes are characterized by the relation AB=2n-l where n is the 
exponent of 2 modulo B and also the length of the code.
We will first derive a strict upper bound on the rate of such 
codes through a simple combinatorial analysis.'*’
An effective implementation of arithmetic codes for detection 
purpose only has been studied by Avizienis [10] . For the correction, how­
ever, decoding becomes a difficult problem in the case of multiple errors. 
We will show that the decoding method proposed by Kasami [ll] is also 
applicable to the arithmetic codes with a slight modification.'*'
II. A STRICT UPPER BOUND ON THE RATE
Consider the set of integers 0,1,...,2n-1, representable with a 
binary n-tuple. The representation of the same integers in NAF requires 
(n+1) digit positions: however, with (n+1) digit positions we can represent
in NAF all the integers from 0 to
v
0<k-2n<v-2
We now remark that given any integer k such that 2n<k<v, we have 
n . One can easily verify that
0n -
v-2n = [ V 1]
’Similar investigations have been done by Chiang and Reed [12] and Laste 
and Tsao-Wu [13].
3and thus,
0< k - 2 n<[
which shows that for any integer 2 <k<v of arithmetic weight W the 
Corresponding integer
0<k-2n<C^Y^]
has weight W-l.
We know that there are
n+2-j)2n-l
j
integers of weight j (for j>l) in the interval
,n+2 .
(0, [ q ]) •
From the previous remark, we conclude that the analogous number in 
(0,2n-l) is given by
. (n+2-j)2n-l . (^ l - j )2n-2 
n,j J J-l '
for j>2 and for j=0,l, we readily have
Mn,l ' (‘' T 1)'1- Mn,0 ' 1
4It follows that the total number of non-negative error patterns of weight 
up to t is given by
N - 1 + 1  (n+2'j)2J'1-l- S .
n,t j-1 J 1=2 1-1
Substituting (i-1) with j, we have
N = 2 (n+2-j)2J-1 - ts1cti:J)2.J-1 
n ’ j=l J j-1 3
Considering both polarities, the number of distinct error
patterns of weight up to t is 2N^ ^-1. To correct all these errors, the
syndrome of each distinct error pattern must be distinct. But, since the
syndrome is the same as the error modulo A, the generator A must be greater
than or equal to aN -1. Now, n n, t
B = 2^1 < 2n-l ,r < 2
A - 2N „-1 2N .-1 ‘n,t n,t
Therefore, the rate of the code defined as R-(log2B)/n is strictly upper 
bounded as
R<1- -log2(2N -1) ( 1)
Since the arithmetic weight is always less than or equal to the 
Hamming weight, it was expected that the bound given by Eq. (1) is less 
than the corresponding Sphere-Packing-Bound (Ref. 4) for the polynomial codes.
5We show in Fig. l a  plot of Eq. (1) against the actual rates of the codes 
derived from Refs. 8 and 9. The rates are also presented in Table 1 for 
a ready comparison.
III. DECODING
The arithmetic codes with AB=2n-l are known to be cyclic just 
like the most of polynomial codes (Refs. 5-9). The decoding algorithms 
proposed here are based essentially on the same principle employed by 
Kasami for the cyclic-polynomial-code decoding.
Consider an arithmetic code with the generator A which corrects 
errors up to t in length n. We denote a correctable error pattern by E. 
Obviously, the arithmetic weight w(E)<t. Furthermore, let us assume that 
E is in its NAF. Let E^ be the i-th cyclic shift'*’ of E (the. length of E 
is always considered as n, including the leading 0's, if any). We denote 
the highest non-zero bit position of E^ as L(E^).
Lemma 1 mfnL(E^)<n - [-^j ^  for all E.
Proof Suppose w(E) = T < t, i.e.,
T k .
E = Z e . 2 J
j=l J
where e .=+1 and 0<k. <k <n for all i. By the division algorithm, n=aT+b J ~ — J“ 1 J 7
One cyclic shift amounts to shifting all the bits to the next higher bit 
and replacing 2n with 1.
2 3 .T cl|-g| denotes the least integer, I >
6with 0<a and 0<b<T. If b=0, at least one of the intervals k^-k^, k^-k^,
„„» k ~k . and n+k_-k , must be greater than or equal to a. Because, if
all the intervals are less than a, the sum of the intervals n<aT which is
a contradiction. Let k.-k. . be one of the intervals >a and let i=n-k.,
J J - l  “  J
then L(E.)=k. .+(n-k,)<n-a. If b>0, it follows that there exists at least 
i  J - l  J “
one interval >a+l. Thus, m^nL(E^)<n-(a+1). Hence, for both cases
min . . rni .
i  L ( E . ) < n  - |-| < Q.E.D.
Denoting that E. which gives the minL(E.) as E . , one can easily 1 v i7 m m  J
prove the following property.
max
E min
2b(a+1)-l + 2m 2(t'b)a-l
2a+1-l 2a-l
( 2)
where n=at+b(0<a, CKb<t) and m=b=0 or m=b(a+l)-l (for b>0).
The syndrome S of the error is defined as the positive residue
of E modulo A. Let S. = 2LS mod A. Clearly, S. = EV. modrA, for A dividesi J l l
2D-1 and E. = 2iE mod 2n-l. Also, let s/=A-S. = 2^(A-S) mod A.i l l v '
j i /Lemma 2 Suppose A>'_ E . . w(S.)<t if and only if S.=E. and w(S. )<tE 1 m m 1 x i7— J i i  i 7—
if and only if S . f = - E  . .
Proof We prove only the first part, for the second part follows the same 
proof. First, if S^=E^ then w(Si)=w(Ei)=w(E)<t. We need to prove the
IT13.X I i"only if" part. Since A> _ E . , there exists at least one E. such thatE 1 min' j
¡E ,|<A. When this E .>0, S ,=E . and w(S ,)<t. When E .<0, S /=-E . and J J J J J “ J J J
w(S /)<t. Therefore, there must exist some S. (or S.7) with w(S.)< tj - 1 v l v V -
7(or w(s/)<t). Now suppose w(S^)<t but S^E^. We have S^-E^=AN^^0.
But any nonzero codeword AN^ has weight >2t+l and w(S -Ei)<w(Si)+w(Ei)<2t 
which is a contradiction. Q.E.D.
Now we define the decoding index k as the smallest positive
ItlcLX I Iinteger such that kA> E . . Obviously, k=l for all the single error
correcting codes. Table 1 shows the decoding indices for the actual codes. 
One can easily show after lemma 2 that at least one of the (S^+jA) (or 
(S. +jA)) for all 0<i<n and 0< j<k-1, must have weight <t, for which 
S.j+jA=E^ (or Si/+jA=-E^). We summarize these in the following decoding 
algorithm
Step 1) Form the initial syndrome S=SQ^E mod A. Set i=0, j=0. If S=0, 
there is no error.
Step 2) If i=n, go to step 7.
Step 3) If j=k, go to step 6.
Step 4) If w(S+jA)<t, go to step 8.
Step 5) Increase j by one, go to step 3.
Step 6) Increase i by one, set j=0, replace S with 2S mod A, go to step 2.
Step 7) Set i=0, j=0, replace S with A-Sq , go to step 2.
Step 8) If step 7 was executed, -E^S+jA. Otherwise, E^S+jA. Express 
E^ in NAF of length n.
Step 9) Cyclically inverse shift E i by i times. The result is the error 
pattern.
The steps 2-6 are unnecessary if k=l. We remark that for small k
it is not difficult to perform steps 2-6 simultaneously in k parallel regi­
sters. The time required to perform this decoding is inithe order of only 2kn 
or 2n if the steps 2-6 are done in parallel.
8Example n=35, A=15,610,967 is a 3 error correcting code with k=l (see
27 8Table 1). Suppose the error is E=-2 -2 +1. First, S=E mod A is available
from output. S=(101,11111,10101,10000,10000).1 All of the 2LS mod A for
0<i<35, have weight >t=3. So we form S ' =A-S=(1000,11100,10111,10010,00111).
Now, 2^S;mod A=(1,11111,11000,00001) which has weight 3. Thus,
Eo=(00000,00000,00000,OOOTO,00000,01000,0000T). Now, inverse cyclic shift 8
by 8 times, E=(00000,00100,00000,00000,00000,0T000,00001). Thus decoded.
IVo CONCLUSION
The upper bound on the rate of the arithmetic code is derived. 
Comparisons to actual rates are presented in Fig. 1 and Table 1. Some 
codes have rates very close to this bound.
A simple decoding method is presented for a general multiple 
error correction. The time required for the decoding depends on the decoding 
index k. For a small decoding index, the decoding can be much faster by 
using some parallel hardwares.
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inary form, higher digits to the left. is_inserted at every 5-digit
interval to facilitate the position counting. 1 denotes -1.
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TABLE Io ACTUAL CODES AND DECODING INDEX
n t A R R bound k
10 1 93 0.513 0.56 1
12 1 35 0.571 0.614 1
14 1 381 0.395 0.653 1
15 1 151 0.517 0.67 1
18 1 133 0.609 0.71 1
18 2 1971 0.398 0.49 1
20 1 55 0.711 0.733 1
20 2 2325 0.44 0.515 1
21 1 49 0.732 0.742 1
21 2 6223 0.4 0.537 1
22 1 69 0.733 0.751 1
22 2 15709 0.368 0.553 1
23 1 47 0.752 0.753 1
24 1 119 0.713 0.756 1
24 2 8435 0.452 0.58 1
25 1 601 0.631 0.773 1
25 2 18631 0.43 0.584 1
25 3 55831 0.37 0.44 *
28 1 87 0.77 0.79-2 1
28 2 11049 0.52 0.622 2
28 3 215265 0.367 0.485 2
29 1 233 0.73 0.798 1
29 2 256999 0.38 0.633 1
29 3 486737 0.36 0.495 2
30 1 77 0.792 0.802 1
30 2 14949 0.54 0.642 3
30 3 646443 0.36 0.505 2
33 1 161 0.778 0.816 1
35 1 71 0.823 0.824 1
35 2 122921 0.524 0.685 2
35 3 15610967 0.345 0.563 1
36 1 95 0.818 0.829 1
36 2 14497 0.617 0.693 *
36 3 930969 0.37 0.57 *
36 4 33181785 0.305 0.46 *
k=* indicates that A is too small to apply the given method of decoding.
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